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A P-stable exponentially-fitted method for the numerical
integration of the Schrödinger equation

T. E. SIMOS*†

Department of Computer Science and Technology, Faculty of Sciences and Technology, University of Peloponnese, GR, 221 00 Tripolis, Greece

(Received October 2005; in final form October 2005)

In this paper we present a P-stable exponentially-fitted four-step method for the numerical integration of the radial
Schrödinger equation. More specifically we present a method than satisfies the property of P-stability and also integrates
exactly any linear combination of the functions {1, x, exp(^w x), x exp(^w x), x 2exp(^w x)}. We tested the efficiency of our
newly developed scheme against well known methods, with excellent results. The numerical illustration showed that our
method is considerably more efficient compared to well-known methods used for the numerical integration of resonance
problem of the radial Schrödinger equation.

Keywords: Numerical solution; Schrödinger equation; Linear multistep methods; P-stability; Exponential fitting; Trigonometric fitting

PACS: 0.260; 95.10.E; MSC: 65L05; 65L06

1. Introduction

The radial Schrödinger equation can be written as:

y00ðrÞ ¼ ½lðlþ 1Þ=r 2 þ VðrÞ2 k 2�yðrÞ: ð1Þ

The radial Schrödinger equation is a boundary value

problem which occurs frequently in theoretical physics

and chemistry, material sciences, quantum mechanics

and quantum chemistry, electronics, etc. (see for example

[1–4], [34–35], [39–52], [56–57]).

We give some definitions for equation (1):

. The function WðrÞ ¼ lðlþ 1Þ=r 2 þ VðrÞ is called the

effective potential. This satisfies W(r) ! 0 as r ! 1

. The quantity k 2 is a real number denoting the energy

. The quantity l is a given integer representing angular

momentum

. The quantity V is a given function which denotes the

potential.

. The boundary conditions are:

yð0Þ ¼ 0 ð2Þ

and a second boundary condition, for large values of r,

determined by physical considerations.

In recent decades a lot of research has been done on

the construction of numerical methods for the solution of

the Schrödinger equation. The aim of this research is the

construction of fast and reliable methods for the numerical

solution of the Schrödinger equation (see for example

[5–17] and [18–32]).

The methods for the numerical solution of the

Schrödinger equation can be divided into two main

categories:

. Methods with constant coefficients

. Methods with coefficients dependent on the frequency

of the problem1.

In this paper we will investigate methods of the second

category. We will obtain an exponentially-fitted method of

sixth algebraic order for the numerical solution of the one-

dimensional Schrödinger equation. The developed method

is also P-stable, i.e. it has an interval of periodicity

equal to (0, 1). We apply the new developed method to
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the resonance problem of the one-dimensional Schrödin-

ger equation. The above application shows the efficiency

of the new constructed method.

2. The new P-stable trigonometrically-fitted four-step
method

2.1 Construction of the new method

We introduce the following family of methods to integrate

y00 ¼ f(x) y(x):

ynþ2 þ aynþ1 2 ð2 þ 2aÞyn þ ayn21 þ yn22

¼ h2½b0ðy
00
nþ2 þ yn22Þ þ b1ðy

00
nþ1 þ yn21Þ þ b2y

00
n� ð3Þ

In order for the above method (3) to be exact for any

linear combination of the functions

{1; x; expð^wxÞ; x expð^wxÞ; x2 expð^wxÞ} ð4Þ

where I ¼
ffiffiffiffiffiffiffi
21

p
, the following system of equations must

hold:

4 cosðvhÞ2 þ 2a cosðvhÞ2 2a2 4

¼ 2ð4b0 cosðvhÞ2 þ 2b1 cosðvhÞ

þ b2 2 2b0Þh
2v2 ð5Þ

2h sinðvhÞðaþ 4 cosðvhÞÞ ¼ 22ð2b0 2 b2 2 2b1 cosðvhÞ

2 4b0 cosðvhÞ2 þ hb1v sinðvhÞ

þ 4hb0v cosðvhÞsinðvhÞÞh2v ð6Þ

2 2x2a2 8h2 þ 16h2 cosðvhÞ2 þ 4x2 cosðvhÞ2

2 4x2 þ 2ah2 cosðvhÞ þ 2x2a cosðvhÞ

¼ 2h2ð4b0 2 2b2 þ 8hb1v sinðvhÞ þ 2b1v
2x2 cosðvhÞ

þ 4b0v
2x2 cosðvhÞ2 þ 16h2b0v

2 cosðvhÞ2

þ 2h2b1v
2 cosðvhÞ2 8b0 cosðvhÞ2 2 4b1 cosðvhÞ

þ 32hb0v cosðvhÞsinðvhÞ

2 8h2b0v
2 2 2b0v

2x2 þ b2x
2v2Þ ð7Þ

We note here that in order to produce the corresponding

system of equations for the exponentially-fitted method

the substitute of I v with v is sufficient.

2.2 Stability of the new method

We apply the new method (3) to the scalar test equation:

y00 ¼ 2v 2y: ð8Þ

We obtain the following difference equation:

Aðv; hÞðynþ2 þ yn22Þ þ Bðv; hÞðynþ1 þ yn21Þ

þ Cðv; hÞyn ¼ 0 ð9Þ

where

Aðv; hÞ ¼ 1 þ v2h2b0;Bðv; hÞ ¼ aþ v2h2b1;

and Cðv; hÞ ¼ 22 2 2aþ v 2h2b2:
ð10Þ

The corresponding characteristic equation is given by:

Aðv; hÞðl4 þ 1Þ þ Bðv; hÞðl3 þ lÞ þ Cðv; hÞl2 ¼ 0 ð11Þ

Definition 1. (see [37]) A symmetric four-step method

with the characteristic equation given by (11) is said to

have an interval of periodicity 0;H2
0

� �
if, for all

H [ 0;H2
0

� �
, the roots zi, i ¼ 1, 2 satisfy

z1;2 ¼ e^iuðvhÞ; zij j # 1; i ¼ 3; 4 ð12Þ

where u(v h) is a real functions of v h.

Definition 2. (see [37]) A method is called P-stable if its

interval of periodicity is equal to (0, 1).

In order the new method to be P-stable four-step method

we require that the characteristic equation (11) have the

following roots:

expðIvhÞ; expð2IvhÞ;2expðIvhÞ;2expð2IvhÞ ð13Þ

In order (13) to be satisfied, the following system of

equations must hold:

4ð1 þ v2h2b0Þ cosðvhÞ2 2 2ðaþ v 2h2b1Þ cosðvhÞ

2 4 2 2v2h2b0 2 2aþ v2h2b2 ¼ 0 ð14Þ

4ð1 þ v 2h2b0Þ cosðvhÞ2 þ 2ðaþ v2h2b1Þ cosðvhÞ

2 4 2 2v2h2b0 2 2aþ v 2h2b2 ¼ 0
ð15Þ

Solving the system of equations (5), (6), (7), (14), (15)

we obtain the following values of the coefficients of the

methods (we note hear that the equation (15) is an identity):

b0¼2
2wcosðwÞþw2sinðwÞcosðwÞ22sinðwÞ

ð23sinðwÞcosðwÞþ2wcosðwÞþwÞw2

b1¼
2ðcosðwÞþ1Þð23sinðwÞcosðwÞþ2wcosðwÞ2þwÞ

ð23sinðwÞcosðwÞþ2wcosðwÞþwÞw2

b2¼2
AðwÞ

ð23sinðwÞcosðwÞþ2wcosðwÞþwÞw2

a¼2
BðwÞ

23sinðwÞcosðwÞþ2wcosðwÞþw

ð16Þ
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where

AðwÞ¼2ð4wcosðwÞ3þ4wcosðwÞ2þw24sinðwÞcosðwÞ3

22sinðwÞcosðwÞ22sinðwÞcosðwÞ22sinðwÞÞ

BðwÞ¼2ð2wcosðwÞ323sinðwÞcosðwÞ2

þ2wcosðwÞ2þwcosðwÞ23sinðwÞcosðwÞþwÞ

and w ¼ v h.

For small values of w the formulae given by equation

(16) are subject to heavy cancellations. In this case the

following Taylor series expansions should be used:

The Local Truncation Error (LTE(h)) of the new method

is given by:

LTEðhÞ ¼ 2
2h8

945
yð8Þn þ 3v 2yð6Þn þ 3v 4yð4Þn þ v6yð2Þn

� �
ð18Þ

Based on the theory developed in [5,6,53,54], a four-

step method with a characteristic equation given by

equation (11) is P-stable if the following theorem is

hold:

Theorem 1. ([54]) A symmetric four-step method with

the characteristic equation given by equation (11) is

said to have an interval of periodicity 0;H2
0

� �
if, for all

H [ 0;H2
0

� �
the following relations are hold

P1ðwÞ ¼ 2AðwÞ2 2BðwÞ þ CðwÞ $ 0;

P2ðwÞ ¼ 12AðwÞ2 2CðwÞ $ 0;

P3ðwÞ ¼ 2AðwÞ þ 2BðwÞ þ CðwÞ $ 0

ð19Þ

Based on the above theorem and substituting the

polynomials A(w), B(w) and C(w) given by equation (10)

and the coefficients bi, i ¼ 0(1)2, a given by equation (16),

it is easy for one to see that the conditions equation (19) are

satisfied for all H [ (0, 1) except the values for which:

TðwÞ ¼ 23 sinð2wÞ þ 4w cosðwÞ þ 2w ¼ 0 ð20Þ

i.e. the method is P-Stable. We note here that T(w) is the

denominator of the stability polynomials Pi(w), i ¼ 1(1)3.

3. Numerical results–conclusion

In order to illustrate the efficiency of the new method

given by coefficients (16) and (17) we apply them to the

one-dimensional Schrödinger equation.

In order to apply the new method to the Schrödinger

equation the value of parameter v is needed. For every

problem of the radial Schrödinger equation given by

equation (1) the parameter v is defined by

v ¼
ffiffiffiffiffiffiffiffiffiffiffi
qðxÞj j

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VðxÞ2 Ej j

p
ð21Þ

where V(x) is the potential and E is the energy.

For some well known potentials, such as Woods–Saxon

potential, the definition of parameter v is given not as a

function of x but based on some critical points and

properties which have been defined from the study of the

appropriate potential (see for details [36]).

3.1 Woods–Saxon potential

We use as potential the well known Woods–Saxon

potential given by

VðxÞ ¼
u0

1 þ z
2

u0z

að1 þ z2Þ
ð22Þ

with z ¼ exp[(x 2 X0)/a ], u0 ¼ 250, a ¼ 0.6, and

X0 ¼ 7.0.

b0 ¼ 1
15
þ 17

1575
w2 þ 163

94500
w4 þ 60607

218295000
w6 þ 1697747

37837800000
w8

þ 519335027
71513442000000

w10 þ 12254045443
10420530120000000

w12

þ 609739626367891
3201499468767600000000

w14 þ . . .

b1 ¼ 16
15
2 208

1575
w2 þ 247

23625
w4 þ 4154

27286875
w6 þ 1790779

28378350000
w8

þ 606383
62511750000

w10 þ 28752907369
18235927710000000

w12

þ 6387572067797
25011714599746875000

w14 þ . . .

b2 ¼ 26
15
2 1298

1575
w2 þ 727

6750
w4 2 1003979

109147500
w6 þ 13137323

56756700000
w8

2 94972363
2750517000000

w10 2 127664236097
36471855420000000

w12

2 979315457827727
1600749734383800000000

w14 þ . . .

a ¼ 2 16
15
w2 þ 208

1575
w4 2 247

23625
w6 2 4154

27286875
w8

2 1790779
28378350000

w10 2 606383
62511750000

w12 2 28752907369
18235927710000000

w14 þ . . .

ð17Þ

Schrödinger equation 1097

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
8
:
1
7
 
1
4
 
J
a
n
u
a
r
y
 
2
0
1
1



The behavior of Woods–Saxon potential is shown in

figure 1.

For the purpose of obtaining our numerical results it is

appropriate to choose v as follows (see for details [36]):

v ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
250 þ E

p
; for x [ ½0; 6:5 2 2h�;ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

237:5 þ E
p

; for x ¼ 6:5 2 hffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
225 þ E

p
; for x ¼ 6:5ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

212:5 þ E
p

; for x ¼ 6:5 þ hffiffiffiffi
E

p
; for x [ ½6:5 þ 2h; 15�

8>>>>>>>><
>>>>>>>>:

ð23Þ

3.2 Radial Schrödinger equation—the resonance
problem

Consider the numerical solution of the radial Shrödinger

equation (1) in the well-known case where the potential is

the Woods–Saxon potential equation (22). In order to

solve this problem numerically we need to approximate

the true (infinite) interval of integration by a finite interval.

For the purpose of our numerical illustration we take the

domain of integration as x [ [0, 15]. We consider

equation (1) in a rather large domain of energies, i.e.

E [ [1, 1000].

In the case of positive energies, E ¼ k 2, the potential

dies away faster than the term lðlþ 1Þ=x2 and the

Shrödinger equation effectively reduces to

y00ðxÞ þ k 2 2
lðlþ 1Þ

x 2

� �
yðxÞ ¼ 0 ð24Þ

for x greater than some value X.

The above equation has linearly independent solutions

kxjl(kx) and kxnl(kx) where jl(kx) and nl(kx) are the

spherical Bessel and Neumann functions respectively.

Thus the solution of equation (1) has (when x ! 0) the

asymptotic form

yðxÞ . AkxjlðkxÞ2 BkxnlðkxÞ

. AC sin kx2
lp

2

� �
þ tan dl cos kx2

lp

2

� �� �
ð25Þ

where dl is the phase shift that may be calculated from the

formula

tan dl ¼
yðx2ÞSðx1Þ2 yðx1ÞSðx2Þ

yðx1ÞCðx1Þ2 yðx2ÞCðx2Þ
ð26Þ

for x1 and x2 distinct points in the asymptotic region (we

choose x1 as the right hand end point of the interval of

integration and x2 ¼ x1 2 h) with S(x) ¼ kxjl(kx) and

C(x) ¼ kxnl(kx). Since the problem is treated as an initial-

value problem, we need y0 before starting a one-step

method. From the initial condition we obtain y0. With

these starting values we evaluate at x1 of the asymptotic

region the phase shift dl.

For positive energies we have the so-called resonance

problem. This problem consists either of finding the

phase-shift dl or finding those E, for E [ [1, 1000], at

which dl ¼ p/2. We actually solve the latter problem,

known as the resonance problem when the positive

eigenenergies lie under the potential barrier.

The boundary conditions for this problem are:

yð0Þ ¼ 0; yðxÞ ¼ cosð
ffiffiffiffi
E

p
xÞ for large x: ð27Þ

We compute the approximate positive eigenenergies of

the Woods–Saxon resonance problem using:

. the Numerov’s method which is indicated as Method I.

. the exponentially-fitted method of Numerov type

developed by Raptis and Allison [33] which is

indicated as Method II.

. the exponentially-fitted method of Numerov type

developed by Ixaru and Rizea [36] which is indicated

as Method III.

. the exponentially-fitted four-step method developed by

Raptis [55] which is indicated as Method IV.

. the new P-stable trigonometrically-fitted four-step

method which is indicated as Method V.

The computed eigenenergies are compared with exact

ones. In figures 2, 3 and 4 we present the maximum

absolute error log10(Err) where

Err ¼ Ecalculated 2 Eaccuratej j ð28Þ

of the eigenenergies E1, E2 and E3 respectively, for several

values of NFEx100 ¼ Number of Function Evaluations.

The choice of the parameter v is based on equation (23).

4. Conclusions

In the present paper we have developed a P-stable

exponentially-fitted four-step method for the numerical

integration of the radial Schrödinger equation. The new

Figure 1. The Woods–Saxon potential.
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method satisfies the property of P-stability and in the same

time integrates exactly any linear combination of the

functions

{1; x; expð^wxÞ; x expð^wxÞ; x 2 expð^wxÞ}: ð29Þ

We have applied the new method to the resonance

problem of the radial Schrödinger equation.

Based on the results presented above we have the

following conclusions:

. For all the resonances the new P-stable exponentially-

fitted four-step method is much more efficient than all

the other methods.

. The exponentially fitted method developed by Ixaru

and Rizea [36] has better behavior than the methods of

Numerov, Raptis and Allison [33] and the exponen-

tially-fitted four-step method developed by Raptis [55].

. The exponentially-fitted four-step method developed

by Raptis [55] for the resonances 163.215341

341.495874 has better behavior for number of function

evaluations equal to 1600 than the Numerov’s method

and the method developed by Raptis and Allison [33].

The method is better then Numerov’s method for all the

resonances. Finally for the resonance 989.701916 and

for number of function evaluations equal to 200 and

400 for the other resonances is worse than the method

of Raptis and Allison [33].

. Finally, the exponentially-fitted method Raptis and

Allison [33] has better behavior than the Numerov’s

method.

It is obvious that the combination of the P-stability and

the exponential fitting property develops a new direction

for the construction of efficient numerical methods for the

solution of the Schrödinger equation and related problems.

All computations were carried out on a IBM PC-AT

compatible 80486 using double precision arithmetic with

16 significant digits accuracy (IEEE standard).

Note

1In the case of the radial Schrödinger equation the frequency of the

problem is equal to:
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þ=r 2 þ VðrÞ2 k 2
�� ��q

References

[1] L.Gr. Ixaru, M. Micu. Topics in Theoretical Physics, Central
Institute of Physics, Bucharest (1978).

[2] L.D. Landau, F.M. Lifshitz. Quantum Mechanics, Pergamon, New
York (1965).

[3] I. Prigogine, Stuart Rice (Eds.). Advances in chemical physics.
Vol.93: New methods in computational quantum mechanics. John
Wiley & Sons, New York (1997).

[4] G. Herzberg. Spectra of Diatomic Molecules, Van Nostrand,
Toronto (1950).

[5] T.E. Simos. Atomic structure computations. In Chemical Model-
ling: Applications and Theory, A Hinchliffe (Ed.), pp. 38–142, The
Royal Society of Chemistry, Cambridge (2000).

[6] T.E. Simos. Numerical methods for 1D, 2D and 3D differential
equations arising in chemical problems. Chemical Modelling:
Application and Theory, 2, pp. 170–270, The Royal Society of
Chemistry, Cambridge (2002).

[7] T.E. Simos, P.S. Williams. On finite difference methods for the
solution of the Schrödinger equation. Comput. Chem., 23, 513 (1999).

[8] T.E. Simos. Numerical solution of ordinary differential equations
with periodical solution. Doctoral Dissertation, National Technical
University of Athens, Greece (1990) (in Greek).

[9] G.V. Berghe, M. Van Daele, H. Vande Vyver. Exponentially-fitted
algorithms: fixed or frequency dependent knot points? Appl. Num.
Anal. Comp. Math., 1(1), 49 (2004).

Figure 4. Comparison of the maximum errors Err in the computation
of the resonance E3 ¼ 989.701916 using the Methods I–V. The values of
Err have been obtained based on the NFEx100. The absence of values
of Err for some methods indicates that for these values of
NFEx100 ¼ Number of Function Evaluations, the Err is positive.

Figure 3. Comparison of the maximum errors Err in the computation
of the resonance E2 ¼ 341.495874 using the Methods I–V. The values of
Err have been obtained based on the NFEx100. The absence of values
of Err for some methods indicates that for these values of
NFEx100 ¼ Number of Function Evaluations, the Err is positive.

Err for the Resonance 163.215341

�12

�10

�8

�6

�4

�2

0
24 81 6

NFE x 100

E
rr

Method I
Method II
Method III
Method IV
Method V

Figure 2. Comparison of the maximum errors Err in the computation of
the resonance E1 ¼ 163.215341 using the Methods I–V. The values of
Err have been obtained based on the NFEx100. The absence of values
of Err for some methods indicates that for these values of
NFEx100 ¼ Number of Function Evaluations, the Err is positive.

Schrödinger equation 1099

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
8
:
1
7
 
1
4
 
J
a
n
u
a
r
y
 
2
0
1
1



[10] Th. Monovasilis, Z. Kalogiratou, T.E. Simos. Numerical solution of
the two-dimensional time independent Schrödinger equation by
symplectic schemes.Appl. Num.Anal. Comp.Math., 1(1), 195 (2004).

[11] G. Psihoyios, T.E. Simos. Effective numerical approximation of
Schrödinger type equations through multiderivative exponentially-
fitted schemes. Appl. Num. Anal. Comp. Math., 1(1), 205 (2004).

[12] G. Psihoyios, T.E. Simos. Efficient numerical solution of orbital
problems with the use of symmetric four-step trigonometrically-
fitted methods. Appl. Num. Anal. Comp. Math., 1(1), 216 (2004).

[13] M. Van Daele, G. Vanden Berghe. Extended one-step methods: An
exponential fitting approach. Appl. Num. Anal. Comp. Math., 1(2),
353 (2004).

[14] D.S. Vlachos, T.E. Simos. Partitioned linear multistep method for
long term integration of the N-body problem. Appl. Num. Anal.
Comp. Math., 1(2), 540 (2004).

[15] Th. Monovasilis, Z. Kalogiratou. Trigonometrically and exponen-
tially fitted symplectic methods of third order for the numerical
integration of the Schrödinger equation. Appl. Num. Anal. Comp.
Math., 2(2), 238 (2005).

[16] T.E. Simos. P-stable four-step exponentially-fitted method for the
numerical integration of the Schrödinger equation. Comput. Lett.,
1(1), 37 (2005).

[17] A. Konguetsof, T.E. Simos. On the construction of exponentially-
fitted methods for the numerical solution of the Schrödinger
equation. J. Comput. Methods Sci. Eng., 1, 143 (2001).

[18] T.E. Simos. Eighth order methods with minimal phase-lag for
accurate computations for the elastic scattering phase-shift
problem. J. Math. Chem., 21, 359 (1997).

[19] T.E. Simos. Some embedded modified Runge-Kutta methods for the
numerical solution of some specific Schrodinger equations. J. Math.
Chem., 24, 23 (1998).

[20] T.E. Simos. A family of P-stable exponentially-fitted methods for
the numerical solution of the Schrodinger equation. J. Math. Chem.,
25, 65 (1999).

[21] G. Avdelas, T.E. Simos. Embedded eighth order methods for the
numerical solution of the Schrodinger equation. J. Math. Chem., 26,
327 (1999).

[22] T.E. Simos. A new explicit Bessel and Neumann fitted eighth
algebraic order method for the numerical solution of the
Schrodinger equation. J. Math. Chem., 27, 343 (2000).

[23] Jesus Vigo-Aguiar, T.E. Simos. A family of P-stable eighth
algebraic order methods with exponential fitting facilities. J. Math.
Chem., 29, 177 (2001).

[24] G. Avdelas, A. Konguetsof, T.E. Simos. A generator and an
optimized generator of high-order hybrid explicit methods for the
numerical solution of the Schrodinger equation. Part 1. Develop-
ment of the basic method. J. Math. Chem., 29, 281 (2001).

[25] G. Avdelas, A. Konguetsof, E. Simos. A generator and an optimized
generator of high-order hybrid explicit methods for the numerical
solution of the Schrodinger equation. Part 2. Development of the
generator, optimized generator and numerical results. J. Math.
Chem., 29, 293 (2001).

[26] T.E. Simos, J. Vigo-Aguiar. A modified phase-fitted Runge-Kutta
method for the numerical solution of the Schrodinger equation.
J. Math. Chem., 30, 121 (2001).

[27] T.E. Simos, J. Vigo-Aguiar. Symmetric eighth algebraic order
methods with minimal phase-lag for the numerical solution of the
Schrodinger equation. J. Math. Chem., 31, 135 (2002).

[28] Z. Kalogiratou, T.E. Simos. Construction of trigonometrically and
exponentially fotted Runge-Kutta-Nystrom methods for the
numerical solution of the Schrodinger equation and related
problems. J. Math. Chem., 31, 211 (2002).

[29] J. Vigo-Aguiar, T.E. Simos. Family of twelve steps exponentially
fitting symmetric multistep methods for the numerical solution of
the Schrodinger equation. J. Math. Chem., 32, 257 (2002).

[30] G. Avdelas, E. Kefalidis, T.E. Simos. New P-stable eighth algebraic
order exponentially-fitted methods for the numerical integration of
the Schrodinger equation. J. Math. Chem., 31, 371 (2002).

[31] T.E. Simos. A family of trigonometrically-fitted symmetric methods
for the efficient solution of the Schrodinger equation and related
problems. J. Math. Chem., 34, 39 (2003).

[32] Kostas Tselios, T.E. Simos. Symplectic methods for the numerical
solution of the radial Shrodinger equation.J.Math.Chem.,34, 83 (2003).

[33] A.D. Raptis, A.C. Allison. Exponential—fitting methods for the
numerical solution of the Schrödinger equation. Comput. Phys.
Commun., 14, 1 (1978).

[34] A.D. Raptis. Exponential multistep methods for ordinary differen-
tial equations. Bull. Greek Math. Soc., 25, 113 (1984).

[35] L.Gr. Ixaru. Numerical Methods for Differential Equations and
Applications, Reidel, Dordrecht—Boston—Lancaster (1984).

[36] L.Gr Ixaru, M. Rizea. A Numerov-like scheme for the
numerical solution of the Schrödinger equation in the deep
continuum spectrum of energies. Comput. Phys. Commun., 19, 23
(1980).

[37] J.D. Lambert, I.A. Watson. Symmetric multistep methods for periodic
initial values problems. J. Inst. Math. Appl., 18, 189 (1976).

[38] J.P. Coleman. Numerical methods for y00=f(x, y). In Proceedings of
the First International Colloquium on Numerical Analysis, Bulgaria
1992 D. Bainov, V. Civachev (Eds.), pp. 27–38 (1992).

[39] J.P. Coleman. Numerical methods for y 00=f(x, y) via rational
approximation for the cosine. IMA J. Numer. Anal., 9, 145 (1989).

[40] M.M. Chawla. Numerov made explicit has better stability. BIT, 24,
117 (1984).

[41] M.M. Chawla, P.S. Rao. A numerov-type method with minimal phase-
lag for the integration of second order periodic initial-value problems.
II explicit method. J. Comput. Appl. Math., 15, 329 (1986).

[42] J.M. Blatt. Practical points concerning the solution of the
Schrödinger equation. J. of Comput. Phys., 1, 382 (1967).

[43] J.W. Cooley. An improved eigenvalue corrector formula for solving
Schrödinger’s equation for central fields. Math. Comp., 15, 363
(1961).

[44] J.R. Dormand, M.E. El-Mikkawy, P.J. Prince. Families of Runge-
Kutta-Nyström formulae. IMA Journal of Numerical Analysis, 7,
423 (1987).

[45] J.R. Dormand, M.E.A. El-Mikkawy, P.J. Prince. High-order
embedded Runge-Kutta-Nyström formulae. IMA J. Numer. Anal.,
7, 595 (1987).

[46] T.E. Simos, P.S. Williams. A new Runge-Kutta-Nystrom method
with phase-lag of order infinity for the numerical solution of the
Schrödinger equation. MATCH Commun. Math. Comput. Chem.,
45, 123 (2002).

[47] T.E. Simos. Multiderivative methods for the numerical solution of
the Schrödinger equation. MATCH Commun. Math. Comput.
Chem., 45, 7 (2004).

[48] E. Hairer, S.P. Norsett, G. Wanner. Solving Ordinary Differential
Equations I, Springer-Verlag, Berlin (1987).

[49] A.C. Allison. The numerical solution of coupled differential equations
arising from the Schrödinger equation. J. Comput. Phys., 6, 378 (1970).

[50] R.B. Berstein, A. Dalgarno, H. Massey, C. Percival. Thermal
scattering of atoms by homonuclear diatomic molecules. Proc.
R. Soc. Lond. Ser. A, 274, 427 (1963).

[51] R.B. Berstrein. Quantum mechanical (phase shift) analysis of
differential elastic scattering of molecular beams. J. Chem. Phys.,
33, 795 (1960).

[52] A.D. Raptis, J.R. Cash. A variable step method for the numerical
integration of the one-dimensional Schrödinger equation. Comput.
Phys. Commun., 36, 113 (1985).

[53] G. Papakaliatakis, T.E. Simos. A new finite-difference method with
minimal phase-lag for the numerical solution of differential
equations with engineering applications. Adv. Eng. Software, 30,
103 (1999).

[54] A.D. Raptis, T. E. Simos. A four-step phase-fitted method for the
numerical integration of second order initial-value problem. BIT,
31, 160 (1991).

[55] A.D. Raptis. Exponentially-fitted solutions of the eigenvalue
Shrödinger equation with automatic error control. Comput. Phys.
Commun., 28, 427 (1983).

[56] A.D. Raptis. On the numerical solution of the Schrodinger equation.
Comput. Phys. Commun., 24, 1 (1981).

[57] Zacharoula Kalogiratou, T.E. Simos. A P-stable exponentially-fitted
method for the numerical integration of the Schrödinger equation.
Appl. Math. Comput., 112, 99 (2000).

T. E. Simos1100

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
8
:
1
7
 
1
4
 
J
a
n
u
a
r
y
 
2
0
1
1


